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Quantum logic gates must perform properly when operating on their standard input 
basis states, as well as when operating on complex superpositions of these states. 
Experiments using superconducting qubits have validated the truth table for particular 
implementations of e.g. the controlled-NOT gate1,2, but have not fully characterized gate 
operation for arbitrary superpositions of input states. Here we demonstrate the use of 
quantum process tomography (QPT)3,4 to fully characterize the performance of a universal 
entangling gate between two superconducting quantum bits.  Process tomography permits 
complete gate analysis, but requires precise preparation of arbitrary input states, control over 
the subsequent qubit interaction, and simultaneous single-shot measurement of the output 
states.  We use QPT to measure the fidelity of the entangling gate and to quantify the 
decoherence mechanisms affecting the gate performance.  In addition to demonstrating a 
promising fidelity, our entangling gate has a on/off ratio of 300, a level of adjustable coupling 
that will become a requirement for future high-fidelity devices.  This is the first solid-state 
demonstration of QPT in a two-qubit system, as solid-state process tomography has 
previously only been demonstrated with single qubits5,6.   
Universal quantum gates are the key elements in a quantum computer, as they provide 
the fundamental building blocks for encoding complex algorithms and operations.  Single 
qubit rotations together with the two-qubit controlled-NOT (CNOT) are known to provide a 
universal set of gates7.  Here, we present the complete characterization of a universal 
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entangling gate, the square root of i-SWAP (SQiSW)8, from which gates such as the CNOT 
can be constructed9.  The SQiSW is a “natural” two-qubit gate as it directly results from 
capacitive coupling of superconducting qubits, yielding qubit coupling of the general form 
σAxσBx or σAyσBy, where σx,y are the Pauli spin operators for qubits A and B10,11.  Under the 
rotating wave approximation, the corresponding interaction Hamiltonian has the form 
( )01101001)2(int += gH h , where BA 1001 ⊗=  and g is the coupling strength that 
depends on design parameters.    
When the two qubits are placed on-resonance the two-qubit states are coupled by Hint 
as shown in Fig. 1a.  The amplitudes of these states then oscillate in time, as described (in the 
rotating frame) by the unitary transformation 
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where t is the interaction time, and the representation is in the two-qubit basis set 
{ }11,10,01,00 .  For an interaction time gt=pi, the state amplitudes are swapped, such 
that 1001 i−→  and 0110 i−→ .  The SQiSW gate is formed by coupling for one-half 
this time, gt=pi/2, producing cosine and sine matrix elements with equal magnitudes, thus 
entangling the qubits.  When the qubits are off resonance by an energy |∆| >> g (Fig 1b), the 
off-diagonal elements in Uint are small and have average amplitude ∆g , effectively turning 
off the qubit-qubit interaction.   
The electrical circuit for the capacitively-coupled Josephson phase qubits12,13 used in 
this experiment is shown in Fig. 1c.   Each phase qubit is a non-linear resonator built from a 
Josephson inductance and an external shunting capacitance.  When biased close to the critical 
current, the junction and its parallel loop inductance L give rise to a cubic potential whose 
energy eigenstates are unequally spaced.  The two lowest levels are used as the qubit states 
0
 and 1 , with transition frequency 10ω . This frequency can be adjusted independently for 
each qubit via the bias current BAbiasI
,
.  Each qubit’s state is detected via a single-shot 
measurement14,15, using a fast pulse BAZI
, combined with read-out using an on-chip SQUID 
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detector.  
State preparation and tomography use single-qubit logic operations, corresponding to 
rotations about the x, y, and z-axes of the Bloch sphere15.  Rotations about the z-axis are 
produced by fast (~ ns) current pulses )(, tI BAZ , which adiabatically change the qubit 
frequency, turning on and off the interaction and leading to phase accumulation between the 
0
 and 1  states.  Rotations about any axis in the x-y plane are produced by microwave 
pulses resonant with each qubit’s transition frequency, applied via )(, tI BAwµ .  The phase of the 
microwave pulses defines the rotation axis in the x-y plane, and the pulse duration and 
amplitude control the rotation angle.  In previous work16, such single-qubit gates were shown 
to have fidelities of 98%, limited by the energy relaxation T1 and dephasing T2 times, which 
for this device were measured to be 400 ns and 120 ns, respectively.  
The experimental design was chosen to give qubit frequencies 5.52/,10 ≅piω
BA GHz.  
The strength of the coupling ( ) BAc CCg ,10/ ω=  was set by the coupling and qubit capacitances 
2≈cC fF and 1≈C  pF, respectively.  The coupling interaction is turned on and off by 
changing the relative qubit frequency BA 1010 ωω −=∆  through an adjustment of the qubit B 
bias BbiasI .  A large detuning of 2002/ ≈∆ pioff MHz was used to turn off the gate, yielding a 
small amplitude in the off-diagonal coupling 055.0/ ≈∆offg .   
We first characterize the coupling by measuring the time dynamics of the entangling 
swap operation 1001 ↔  as depicted in Fig. 2a.  Initially, both qubits are tuned off-
resonance by 200 MHz and allowed to relax to the 00  state.  A pi  pulse on qubit A then 
produces the 10  state.  A current pulse )(tI BZ  applied to BbiasI  brings the qubits within a 
frequency ∆  of resonance.  After an interaction time ft , the bias 
B
ZI  is reset to the original 
200 MHz detuning and both qubits are then measured.  Averaging over 1200 events gives the 
probabilities for the four possible final states 00 , 01 , 10  and 11 .  The swapping 
behaviour for the states 01  and 10   as a function of tf is displayed in Fig. 2b.  On 
resonance ( 0=∆ ), the swapping frequency between 01 and 10  gives an accurate 
measurement of the coupling strength =pi2/g  11 MHz.   
The amplitude of the swapping oscillations decreases with detuning as expected.  In 
Fig. 2c we plot the peak-to-peak change in swap probability as a function of detuning ∆ , 
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compared to the theoretical prediction.  Apart from a small reduction in the amplitude arising 
from imperfect measurement fidelity, the data is in good agreement with theory.  At 
detunings 502/ >∆ pi MHz, the swap amplitude is small and cannot be distinguished from 
the noise floor.  For a detuning bias of pi2/∆ = 200 MHz, we compute the probability ratio 
( ) =∆ 2/ g  (200/11)2 = 300, a figure of merit for the on/off coupling ratio.   
We fully characterize the SQiSW gate using quantum process tomography (QPT)3,4.  
This involves preparing the qubits in a spanning set of input basis states, operating with the 
gate on this set of states, and then performing complete state tomography on the output. As 
illustrated in Fig. 3a, we first perform quantum state tomography15,17 on the input state 01 , 
which involves measuring the state along the x, y and z Bloch sphere axes of each qubit, in 
nine separate experiments. We then operate on the 01  input state with SQiSW, and perform 
complete state tomography on the output.  These measurements allow for the evaluation of 
the two-qubit density matrix.  This entire process is repeated 16 times in total, using four 
distinct input states for each qubit, chosen from the set ( ){ }10,10,1,0 i++ .  In Fig. 3b, 
we display the density matrix resulting from this tomography for the input state 
( ) ( )1010 ii +⊗+ .   From this complete set of measurements, we reconstruct the 16 by 
16 χ  matrix, whose indices correspond to the Kronecker product of the operators 
{ }zyx iI σσσ ,,, −  for each qubit3.   
In a QPT experiment18,19 errors arise from the entangling gate and errors in 
measurement.  Since we are interested in the quality of the entangling gate itself, we have 
calibrated out errors due to measurement14.  As described in the Supplementary Information, 
measurement errors arise from both a misidentification of the 0  and 1  states, and 
measurement crosstalk, where a measurement of 1  in one qubit increases the probability of 
a 1  measurement in the second qubit14.  By performing additional calibration experiments, 
we are able to determine the probabilities for these errors and correct the probabilities of the 
00 , 01  , 10  and 11  final states.     
In Fig. 4 we show the corrected χ  matrix for our SQiSW gate.  In both the real and 
imaginary parts of the χ  matrix, we observe non-zero matrix elements in locations where 
such elements are expected, in qualitative agreement with theory.  Quantitative comparison is 
5 
obtained by calculating the process fidelity, 0<Fp<1, which gives a measure of how close the 
measured χ  matrix is to theoretical expectations20. For the SQiSW gate demonstrated here, 
with measurement calibration taken into account, we find cpF  = Tr ( tχ eχ ) = 0.65, where tχ  
and eχ are the theoretical and experimental χ  matrices, respectively.  Without calibration, we 
compute Fp = 0.51; the uncorrected χ  matrix is shown in the Supplementary Information.   
Errors in our SQiSW gate primarily arise because the time for the experiment (~50 ns) 
is not significantly shorter than the T2 dephasing time of 120 ns.  This is confirmed using a 
recent theory21 by Kofman et al., which includes the effects of dephasing and decoherence on 
the SQiSW χ  matrix.  In particular, the elements marked with “*” and “o” in Fig. 4 are non-
zero due to energy relaxation and dephasing, respectively.  Using this theory we can estimate 
our single qubit dephasing time T2  = ( ) IZIZeg ,1623 χpi + .  With the measured real part IZIZe ,χ  
= 0.09, we find T2 = 110 ns, in close agreement with the value mentioned above obtained 
from Ramsey experiments.  We also estimate the degree of correlation of the dephasing noise 
between the coupled qubits using [ ])23()2(,, +−−≈ pipiχχκ IZIZeZIIZe .  Our measurement 
of 02.0, ≈ZIIZeχ  yields 1.0≅κ , indicating that the dephasing is mostly uncorrelated.  This is 
in agreement with previous work22,23 that found a dephasing mechanism local to the 
individual qubits.   
In conclusion, we have demonstrated the universal SQiSW gate, from which the 
CNOT and other more complex gates can be constructed.  Using quantum process 
tomography, we obtained a process fidelity of 65% for this gate.  By analyzing the χ  matrix 
obtained via QPT, we confirmed dephasing times obtained via separate, single-qubit Ramsey 
experiments and found that the correlation of dephasing between qubits is small.  Finally, we 
showed that our implementation of the SQiSW gate has a high on/off ratio of 300, which is 
needed for high-fidelity entangling gates.   
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Figure 1 Energy-level diagram with coupling interaction turned on (a) and off (b).  (a) When 
qubits are on-resonance ( 0=∆ ), their interaction swaps the populations of the 01  and 10  
states at a frequency given by the coupling strength g.  The Bloch sphere representation of the 
01
 and 10  subspace shows state rotation (dashed line) about the x-axis due to the 
interaction g.  (b) When off-resonance g>>∆ , qubit swapping (dashed line) is effectively 
turned off.  (c) Electrical schematic for capacitively-coupled phase qubits. Each qubit 
junction (single cross) with critical current I0 is shunted by an external capacitor C and 
inductor L. An interdigitated capacitor 2~cC  fF couples the qubits, yielding an interaction 
112/ =pig MHz.  Qubit bias is through Ibias, microwave control through Iµw, and qubit 
readout is performed using a three-junction SQUID (three crosses) read out by VSQ. Fast 
pulses on the Iz lines bias the qubits on- and off-resonance.  
Figure 2 Characterization of coupling interaction and measurement of on/off ratio. (a) 
Sequence of operations: The 10  state is prepared by applying a 16 ns pi pulse to qubit A, 
and immediately followed by a fast pulse BZI  that places qubit B close to resonance with 
qubit A (detuning ∆ ).  After the qubits interact for a time ft , the state occupation 
probabilities for each qubit are measured simultaneously.  (b) Measured occupation 
probabilities P10 and P01 versus detuning ∆  and interaction time ft .  The oscillation period at 
0=∆  yields the measured coupling 112/ =pig MHz.  The amplitude of oscillations 
decreases with detuning as expected.  (c) Peak-to-peak swapping amplitude versus 
detuning ∆ , plotted with the predicted dependence ( )222 / ∆+gg .  The vertical scale of the 
latter is adjusted to match the on-resonance amplitude at ∆ =0.  Determination of the 
swapping probability is limited to > 2106 −⋅  by measurement noise.  The calculated on/off 
ratio is indicated by the vertical arrow.  
Figure 3. Quantum state tomography for two sets of input and output states. Control 
sequences are shown in left panels, where the SQiSW gate is represented by crosses 
connecting both qubits.  Qubit state measurements along the z, y and x axes are performed by 
no rotation (I) or pi/2 rotations about x and y, respectively, followed by measuring the 
probability of the qubit 1  state.  Right panels show the real and imaginary parts of the 
11 
density matrices obtained in this way.  The experimental data (with no corrections) and 
theory (with no decoherence) are shown as solid and transparent bars, respectively.  Panels 
(a) and (b) are for input states 01  and ( ) ( )1010 ii +⊗+ , generated by a pi pulse about x 
applied to qubit B, and by pi/2 pulses about x applied to both qubits A and B, respectively. 
Figure 4 Real and imaginary parts of the reconstructed χ matrix for the SQiSW gate, 
obtained from 16 possible input states 
( ){ } ( ){ }10,10,1,010,10,1,0 ii ++⊗++ .  Experimental data are shown as 
solid bars.  Transparent bars give the theoretically expected χ  matrix, which does not 
include effects due to decoherence.  Calibrations from measurement were accounted for in 
this analysis (see Supplementary Information).  The matrix elements of χ  that are non-zero 
due to energy relaxation and dephasing are marked with a “*” and “o” symbol, respectively.  
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Calibration of Measurement Errors 
 The measurement errors in this experiment primarily arise from two sources.  Because 
their origin is understood and the errors vary in a predictable way with parameters and 
biasing, the errors can be reliably removed using calibration procedures. 
The two dominant error mechanisms are measurement crosstalk and measurement 
fidelity.  Defining the measurement probabilities ABP of qubits A and B with the column 
vector TPPPP ),,,( 11100100 , the intrinsic (actual) probabilities iP  will give measured 
probabilities 
mP  according to the matrix equation im XFPP = , where X is the correction matrix 
due to measurement crosstalk and F is the correction due to measurement fidelity. The order 
of the matrices reflects the fact that errors in fidelity generate crosstalk (see below). By 
measuring the correction matrices, the intrinsic probabilities can be calculated from the 
measured values by the inverted relation
mi PXFP
11 −−
= . 
The procedure for calibrating measurement fidelity for single qubits has been 
discussed previously15.  The measurement process, which depends on the 0  qubit state not 
tunneling and the 1  state tunneling, has small errors from 0  tunneling and 1  not 
tunneling.  Defining 0f  and 1f  as the probabilities to correctly identify the state in 0  and 
1 , respectively, the measurement fidelity matrix for two qubits is given by  
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where ⊗  is the tensor product.  We measure these fidelities by biasing only one qubit into 
operation, and then measuring the tunneling probabilities for the 0  state and the 1  state, 
with the latter produced by a microwave pi-pulse optimized for the largest tunneling 
probability.  This calibration depends on accurately producing the 1  state, which we have 
17 
demonstrated can be done with 98% accuracy.  The 2% error arises from T1 energy decay, 
which can be measured and corrected for in the calibration.   
Measurement crosstalk for two capacitively coupled Josephson phase qubits has been 
studied and understood in previous work14.  The crosstalk mechanism arises from the release 
of energy when one qubit tunnels, which then excites the second qubit and increases its 
probability to tunnel.  The amount of crosstalk typically increases with time delay, so that 
optimal performance occurs when the two qubits are measured simultaneously.  For this 
mechanism, crosstalk contributes when one qubit state is measured as 1, causing the other 
qubit state, when in the 0 state, to have probability x to be excited and thus measured in the 1 
state.  The matrix describing measurement crosstalk for both qubits is thus 
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where xAB (xBA) is the probability of the 1  state of qubit A (qubit B) exciting a 10 →  
transition on qubit B (qubit A).   
The two unknowns in the X matrix can be directly determined from the 3 independent 
equations in )( im FPXP = , where iFP  is obtained from the F matrix calibration procedure 
described above.   
A more robust method is to compare the differences in tunneling of the first qubit 
caused by a change in tunneling of the second.  From the four measurement probabilities P00, 
P01, P10, and P11, we extract for each qubit independent probabilities to be in the 1 state by 
“tracing out” the other qubit 
P1A ≡ P10 + P11 
P1B ≡ P01 + P11 
We measure P1A(00) and P1B(01) for the two cases where we prepare the initial states 00  
and 01 , respectively.   Using the correction matrices for X and F, we calculate 
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where the approximate result arises from both correction terms in the denominator, Af01−  
and BAx , being small.  This result holds even if the states 00  and 01  are not prepared 
perfectly, as we calculate the ratio of the change in probabilities.  A similar result for ABB xf0  
is obtained for the initial states 00  and 10 . 
We also perform a consistency check on the measurements of xAB and xBA for the 
simple case of measuring only the 00  state when 0, 00 ≠BA ff .  Here, a general solution is 
not possible as there are four unknowns Af0 , Bf0 , xAB, and xBA and only three equations for 
the probabilities.  However, by assuming a fixed ratio between the two crosstalk parameters k 
= xBA/xAB , a solution can be found: 
)1(2
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For the device measured here, we found measurement fidelities that were near unity:  
95.00 =Af  and 95.01 =Af  for qubit A, and 93.00 =Bf  and 93.01 =Bf  for qubit B.  Crosstalk 
was measured to be xAB = xBA = 0.117.   
 
 
Uncalibrated χ  Matrix For The SQiSW Gate 
Below we give the χ  matrix for the SQiSW gate without calibrating out the effects of 
measurement visibility and crosstalk.  The uncalibrated process fidelity is  pF  = Tr 
( theoryχ expχ ) = 0.51: 
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